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X-ray absorption and resonant inelastic x-ray scattering in the rare earths
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This paper makes a comparison between x-ray absorption~XAS! and resonant inelastic x-ray scattering
~RIXS! in the rare earths. Atomic calculations are given for 2p→4 f . The radiative decay of the XAS final
states is described for the situations where the core hole created in the absorption process is filled by a valence
electron or by an electron from a shallower core level. RIXS spectra 4f n→3d4 f n11→4 f n integrated over the
outgoing photon energy~fluorescence yield! are compared with 3d→4 f XAS. Sum rules related to XAS and
RIXS and their applicability are discussed.@S0163-1829~98!06631-4#
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I. INTRODUCTION

Experiments on rare-earth systems have made a sig
cant contribution to the development of magnetic x-ray
chroism and resonant magnetic scattering. Import
circular1 and linear2 magnetic x-ray dichroism experimen
have been performed on rare earths. The first satisfac
explanation of resonant magnetic scattering was done
holmium metal.3,4 The electronic structure of rare earths
determined by the interaction between electrons in the lo
ized 4f orbitals and in the broad 5d band. Spectroscopie
involving the 4f shell can usually be successfully describ
by atomic multiplet theory. However, whereas, e.g., m
netic x-ray dichroism at theM45 edges is rather well under
stood, theL23 spectra, dominated by the dipolar 2p→5d
transitions, pose more problems. In the interpretation one
to take into account two effects.

First, one observes pre-edge features5,6 that are weak in
the isotropic spectra but have a strong circular dichroic s
nal. That these structures arise from quadrupolar transit
into the 4f shell has been established by resonant ela
s→p x-ray scattering,3,4 by the observation of a nondipola
angular dependence of the circular dichroic x-ray absorp
~XAS!,7,8 by resonant Raman spectroscopy,9,10 and by partial
deconvolution of the lifetime broadening.11

Second, the finite integrated intensity of the circular
chroism of the 2p→5d transitions results not only from th
polarization of the 5d electrons in the ground state but al
from a dependence of the 2p-5d radial matrix elements on
the direction of the 5d moment relative to that of the 4f .7,12

Therefore, band effects7 and the full d f-Coulomb
interaction13,14have to be included in the interpretation of th
spectral line shape and the variations in theL23 circular di-
chroic branching ratios.

A complication in the interpretation of resonant inelas
x-ray scattering~RIXS! is that the deexcitation cannot b
simply decoupled from the absorption step as can be d
when the excitation is far above threshold. Furthermore,
decay is different for transitions between two core levels
between the valence shell and a core level.

For systems where a detailed description of the spec
line shape is complex, useful results can still be obtain
from statistical methods. For XAS and x-ray scattering s
rules exist that relate the integrated intensities to ground s
PRB 580163-1829/98/58~7!/3741~9!/$15.00
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properties.15–18 These sum rules rely on a number of a
proximations. In general, a constant radial matrix elemen
required. For sum rules that consider the spin-orbit manifo
separately one has to assume that the edges can be d
guished by thej value of the core hole. For fluorescenc
yield no exact sum rules have been derived so far and
application of XAS sum rules requires numeric
validation.19 In this paper we address the applicability of th
sum rules.

The paper is divided as follows. First, in Sec. II, we sho
the separation of the geometric and dynamical part for X
and RIXS. We make use of spherical tensor algebra, wh
enables a general treatment for different transition opera
and different polarization geometries. In order to obta
nicely normalized quantities we make extensive use of n
malization constants that remove the square roots from
expressions and lead to a geometric part that is unity in
isotropic case. These square roots are a result of the nor
ization of the 3j symbols and are inconvenient when deali
with physical quantities such as operators and spectra.
tion III gives a derivation for the angular distributions fo
some common experimental situations. Section IV is devo
to the spectral functions and their sum rules. We describe
spectral line shape of the XAS spectra at theL23 edge. RIXS
results are discussed for spectroscopies involving thef
shell. A comparison is made between the radiative deca
spectroscopies where the intermediate state core hole is fi
by a valence electron or by an electron from a shallower c
level. We end with a conclusion in Sec. V.

II. INTENSITIES

The intershell transitions as a result of the absorpt
or emission of a x-ray photon are described byH int
5(e/2m)(p•A1A•p). Expanding the vector potential in
plane waves gives

A5(
k,e
A \

2ve0V
~eakee

ik•r1H.c.!, ~1!

where V is a normalization volume andake annihilates a
photon with momentumk and polarization vectore. The
absorption intensity is then given by Fermi’s golden rule
3741 © 1998 The American Physical Society
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I ~ k̂ev!5
2p

\ (
n

z^nuH intzg&u2d~v1Eg2En!rv , ~2!

with the density of oscillators given by rv

5(V/8p3)(v2/\c3). The different multipoles20 of the spec-
trum are obtained by expanding the plane wave in Be
functions and spherical harmonics, i.e.,

eik•r5(
t

@ t# i t j t~kr !k̂~ t !
• r̂ ~ t !, ~3!

with @a•••b#5(2a11)•••(2b11). The tensor products in
this paper are done with 3j symbols, which are up to a facto
equivalent to those with Clebsch-Gordan coefficients,

@al ,bl 8#j
x5 (

l,l8
al

l b2l8
l 8 ~21! l 2l2l8S l x l 8

2l j l8
D

5~21! l 8@x#21/2(
l,l8

al
l bl8

l 8 Cll,l 8l8
xj , ~4!

whereal is a spherical tensor of rankl andal
l are its com-

ponents; a tensor without a superscript has rank o
The inner product is given by@al ,bl #0

0@ l #1/25al
•bl . We use

here the shorthand notation k( l )5klCl( k̂), with
Cm

l ( k̂)5A4p/(2l 11)Ym
l ( k̂);21 for spherical tensors of ran

one k5k(1). Note that k̂51. For kr ! 1 one has
j t(kr) > (kr) t/@ t#!!. With the use of

~al
•bl !~cl 8

•dl 8!5(
x

@x#@al ,cl 8#x
•@bl ,dl 8#x ~5!

one then obtains

p•e eik•r5(
tQ

@ tQ#
i t

@ t#!!
@p,r ~ t !#Q

•@e,k~ t !#Q. ~6!

It is convenient to define the operators

VtQ5
btQ~k!

2imv
$@p,r ~ t !#Q1~21!Q@r ~ t !,p#Q%, ~7!

where the factorsbtQ(k) will be chosen in such a way tha
nicely defined operators are obtained; see Table I. FortQ
501 ~electric dipole! andb01(k)5A3 we have

TABLE I. Relevant constants for electric dipole (tQ5 01),
magnetic dipole (tQ5 11), and electric quadrupole (tQ 5 12)
transitions. The factorsbtQ(k) appear in the definition of the opera
tors VtQ. TheBQ

2 give the relative probabilities of dipolar and qu
drupolar transitions. The factorsDtQ are used in the definition o
the angular dependenceTtQz.

Transition t Q VtQ btQ(k) BQ
2 DtQ

Electric dipole 0 1 r A3 1
3 3

Magnetic dipole 1 1
a

2

a0

\
L A 3

2 k
1
3 3A2

Electric quadupole 1 2 r (2) 2A30
1

15 Sk2D
2

25A2
el

e.

^nuV01ug&5
b01~k!

A3imv
^nupug&5

1

\v K nUF p2

2m
,r GUgL

>^nur ug&. ~8!

By using the definition for the outer produc

@a,b#152( i /A6)a3b andb11(k)5A3
2 k, we find thatV11 is

equal to @b11(k)/ imv#@p,r #15(a/2)(a0 /\)L , with a the
fine-structure constant anda0 the Bohr radius.V11 forms
together with thegSS term the magnetic dipole operato
Magnetic dipole transitions are about (a/2)2, i.e., five orders
of magnitude smaller than electric dipole transitions of t
same wavelength. Furthermore, we have for the elec
quadrupole operatorV125r (2) that b12(k)5A30.

The multipole expansion enables us to separate the
sorption intensity into a geometric and an electronic part, i

I ~ k̂ev!5
2p

\
Nv (

t,Q,n
BQ

2 DtQ
2 z^nu@e,k~ t !#Q

•VtQug& z2

3d~v1Eg2En!

5
2p

\
Nv (

t,Q,z
BQ

2 TtQz~ k̂e!•I tQz~v!, ~9!

where we have applied Eq.~5!. The cross terms betwee
different tQ values have been omitted. The followin
factors have been defined: Nv5e2v3/16p3e0c3;
BQ5(k/2)Q21(@Q#!!) 21/2 gives the relative transition prob
ability, where for the dipolar and quadrupolar contributio
one hasB2

2/B1
25 1

5 (k/2)2; andDtQ5@ tQ#kt/@ t#!! btQ(k)BQ .
The different multipole spectra are given by

I tQz~v!5
G

p(
n

1

uE nu2
I tQz~gnng!, ~10!

with En5v1Eg2En1 i (G/2) whereG is the lifetime broad-
ening of the XAS final states; the different combinations
the matrix elements are defined as

I tQz~abcd!5@^au~V†! tQub&,^cuVtQud&#znQz
21 , ~11!

where the normalization constantsnQz are defined as

nlx5S l x l

2 l 0 l D 5
~2l !!

A~2l 2x!! ~2l 111x!!
. ~12!

The angular distribution is given by

TtQz~ k̂e!5@z#DtQ
2
†@e* ,k̂~ t !#Q,@e,k̂~ t !#Q

‡

znQz . ~13!

TtQz weighs the different spectraI tQz(v) as a function of the
wave vectork̂ and the polarization vectore of the incoming
light.

The RIXS intensity is proportional to

I ~ k̂ev,k̂8e8v8! 5
2p

\ (
f
U(

n

^ f uH intun&^nuH intug&
v1Eg2En1 i ~G/2!U

2

3d~v1Eg2v82Ef !rv8rv . ~14!
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In the remainder of the paper we consider the different m
tipole transitions separately; to reduce the number of ind
we suppress thetQ of the transitions. In a way similar to tha
for XAS we find for the RIXS cross section withQ-polar
excitation followed by aQ8-polar deexcitation

I ~ k̂ev,k̂8e8v8!5
2p

\
Nv8BQ8

2 NvBQ
2

3 (
z,z8,r

Tzz8r~ k̂e,k̂8e8!•I zz8r~v,v8!.

~15!

The dynamical part has now become a tensor produc
absorption and emission

I zz8r~v,v8!5@r #
g

p (
n,n8, f

1

uE f u2
1

En8
* En

3@ I z8~n8 f f n!,I z~gn8ng!# rnzz8r , ~16!

where Ef5v1Eg2v82Ef1 i (g/2), with g the lifetime
broadening of the x-ray inelastic scattering final states. T
normalization constantnxyz is defined as

nxyz5S x y z

0 0 0D . ~17!

nxyz is zero for oddx1y1z. We also usen xyz, which is
complex for odd x1y1z and equal tonxyz for even
x1y1z.22 The angular dependence is given by

Tzz8r~ k̂e,k̂8e8!5@Tz8~ k̂8e8!,Tz~ k̂e!# rnzz8r
21 . ~18!

III. ANGULAR DEPENDENCE

The tensors for the angular dependence are chosen in
a way thatT0 5 1 for tQ 5 01,11,12. For electric dipole
transitionsTz is k̂ independent and thez50 component is,
with respect to theẐ axis of our system,

T0
z~e!53@z#~21!11znQzn11zU

11z~e* ,e,Ẑ!, ~19!

where the bipolar spherical harmonics23 are given by
Uxyz(a,b,c)5(21)y1zn xyz

21@a(x)b(y)#z
•c(z). The bipolar

spherical harmonics withxyz relevant for dipolar transitions
are given in Table II; expressions for higher values ofxyz
are given by Thole and van der Laan.22 For general multipole
transitions it is more convenient to recouple the angular
pendence

TABLE II. Bipolar spherical harmonicUxyz(a,b,c) relevant for
the angular dependence of dipolar transitions.

U1105a•b
U1115

2
3 (a3b)•c

U1125
3
2 (a•c)(b•c)2

1
2 (a•b)
l-
s

of

e

ch

-

Tz~ k̂e!5DtQ
2 nQz(

x,y
@xyz#~21!Q212t2yH 1 t Q

1 t Q

x y z
J

3†@e* ,e#x,@ k̂~ t !,k̂~ t !#y
‡

z. ~20!

This form is convenient for the comparisation of light
different polarizations as it enables us to factor out the
larization vectors. For linearly polarized light with polariza
tion vectorsex andey in thex andy directions, respectively
it is straightforward to show that

1

2
$@ex* ,ex#

x1~21!x@ey* ,ey#
x%5Re$ax% n11xC

x~ k̂!,

~21!

whereas for circularly polarized light, wher
e657(1/A2)(ex6 i ey), we find

1

2
$@e1* ,e1#x1~21!x1m@e2* ,e2#x%

5H ax n11xC
x~ k̂!, m 5 0

0, m51,
~22!

with ax521,2
3 i , 1

2 for x50,1,2. With the use of

@Cl( k̂),Cl 8( k̂)#x5Cx( k̂)(21)lnll 8x , the angular dependenc
is found to be proportional toCz( k̂),5

1

2
@Tz~ k̂e1!1~21!z1mTz~ k̂e2!#5H TzC

z~ k̂!, m50

0, m51,
~23!

where the coefficients

Tz5DtQ
2 ~21!Q211z(

x,y
@xyz#axnQzH 1 t Q

1 t Q

x y z
J

3n 11xnttynxyz ~24!

are given in Table III.

IV. SPECTRA AND SUM RULES

A. XAS into the 4f shell

Here we consider two absorption edges often studied:
L23 edges, corresponding to transitions from the 2p orbital
into the valence shell, and theM45 edges, which are domi
nated by the dipolar 3d→4 f transitions. The electric dipola
and quadrupolar transition operators are given by
Wigner-Eckart theorem

TABLE III. CoeficientsTz defined in Eq.~23! for electric dipo-
lar and quadrupolar transitions (z50, . . . ,2Q).

z
t Q 0 1 2 3 4

0 1 1 3
2

1
2

1 2 1 1 2
5
7 21 2

2
7
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^nuVqug&5Pcl (
g,l,s

~21! l 2lS l Q c

2l q g D ^nu l ls
† cgsug&,

~25!

wherel ls
† creates an electron in shelll with orbital compo-

nentl and spins. The reduced matrix element is given b

Pcl~Q!5~21! lnlQc@ lc#1/2E dr Rnl l
~r !r QRncc~r !.

~26!

For rare earths the crystal fields on the 4f electrons are
often negligibly small and one can assume spherical sym
try SO3. For a magnetic system the symmetry is lowered
SO2 and theJ values branch intoMJ52J, . . . ,J. Here we
take the magnetic axis along theẐ axis and the ground stat
to be MJ5J. To obtain a nonzero intensity the total trans
tion operator has to be totally symmetric. This means

have to considerI 0
z(v) for XAS and I 0

zz8r(v,v8) for RIXS.
I 0

z is a combination of the matrix elementsI q(gnng)
5^guVq

†un&^nuVqug&. The combinations for
Q51,2 are given in Table IV. For dipolar transitions w
have the well-known spectra: isotropic (I 0

0), circular dichroic
(I 0

1), and linear dichroic (I 0
2).

Figures 1–4 give the XAS spectra for transitions into t
4 f shell at theL2,3 and M4,5 edges. Calculations were don
in the atomic limit using Cowan’s programs.24 The Hamil-
tonian includes the Coulomb interactions in the 4f shell and
those between the 4f shell and the core hole and the spi
orbit coupling. Parameters were obtained in the Hartree-F
limit and the values for the Coulomb interaction were sca
down to 80% to account for screening effects. This scal
down factor produces good agreement between theory
experiment.25 The zero of the energy scale corresponds to
energy of the lowest eigenstate in a spin-orbit manifold. F
ure 1 gives the isotropic 2p→4 f XAS spectrum using a
Lorentzian broadening of 4 eV. Recently, Loeffenet al.11

demonstrated the possibility of separating the dipolar
quadrupolar features by deconvolution of high-quality XA
data by a Lorentzian with a width of 3 eV. The resultin
spectral line shape of the pre-edge structures was in ag
ment with multiplet calculations. This method seems to
well suited to study the relative contributions of quadrupo
and dipolar transitions. The spectrum obtained after tak

TABLE IV. SpectraI 0
z expressed inI q for Q51,2.

Q I 0
z

1 ~dipolar! I 0
05I 11I 01I 21

I 0
15I 12I 21

I 0
25I 122I 01I 21

2 ~quadrupolar! I 0
05I 21I 11I 01I 211I 22

I 0
15I 21

1
2 I 12

1
2 I 212I 22

I 0
25I 22

1
2 I 12I 02

1
2 I 211I 22

I 0
35I 222I 112I 212I 22

I 0
45I 224I 116I 024I 211I 22
e-
o

e

ck
d
g
nd
e
-

d

e-
e
r
g

the difference between left and right circularly polariz
light is a combination ofI 0

z with odd z. Using Eq.~23! we
obtain5

1

2
$I ~ k̂e1v!2I ~ k̂e2v!%5

2p

\
NvB2

2$2C0
1~ k̂!I 0

1~v!

1C0
3~ k̂!I 0

3~v!%, ~27!

where C0
z( k̂) are Legendre polynomials of orderz, i.e.,

Pz(cosu) with u the angle between the direction of the lig
and the magnetic axis. The spectraI 0

1(v) and I 0
3(v) are

given in Fig. 2.
Figures 3 and 4 show, respectively, the isotropic and

cular dichroicM4,5 XAS spectra (G 5 0.8 eV). These spec
tra have been published earlier25–27 and are included for
comparison with the fluorescence yield spectra.

The behavior of the intensities can be related to grou
state expectation values by sum rules.15,16,28 For l 5c1Q
one can reduce the expressions to29,30

I 0
z~ j !5E

j
dv I 0

z~v!5
Pcl

2

@cl#(x,y
M y~ j !Nxyẑ w0

xyz&, ~28!

with M y( j )5c11,c,c,2c for jy5 j 10,j 11,j 20,j 21
( j 65 l 6s) and Nxyz51,z/@z#,(z11)/@z# for xyz5z0z;
z21,1,z;z11,1,z. The coupled tensor operators are defin
as29,31

FIG. 1. Isotropic quadrupolar 2p→4 f XAS spectra as a func-
tion of excitation energyv for trivalent rare-earth ions. The left an
right panels show theL3 andL2 edges, respectively. Spectra for th
L2 edge have been scaled by a factor 2.
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wz
xyz5 (

l,l8,s,s8,j,h
~21! l 2l81s2sS l x l

2l8 j l D
3S s y s

2s8 h s D 3~21!z2zS x y z

2j 2h z D
3 l l8s8l ls

† nlx
21nsy

21n xyz
21 , ~29!

with s5 1
2 . The operators are spin independent and depen

for y50 and 1, respectively. These hole coupled tensor
erators are related to the electron operators defined by C
et al.32 via Oxyz52@ l #dx,0dy,02(21)zr lxr syw0

xyz with r lx

5(2l )!/2x(2l 2x)!. The advantage of using normalized o
erators over Judd’s operators31 is that the square roots ar
removed from the expressions. They are normalized in s
a way that the expectation values are unity for a ground s
with one hole andMJ5J5 l 1 1

2 @i.e., for rare earths the
ground state of Yb31, f 13(2F7/2; MJ5 7

2 )#. Some typical ex-
amples are the number of holesnh5w0

000, the orbital and
spin magnetic momentsLz5 lw0

101 and Sz5sw0
011, respec-

tively, and the spin-orbit couplingL•S52 lsw0
110. Note that

the relation forOxyz does not hold for the magnetic dipo
operatorTz5@ l /(2l 13)#w0

211 due to its definition in real in-
stead of angular momentum space.

By summing Eq.~28! over both spin-orbit split edges

FIG. 2. Quadrupolar 2p→4 f XAS spectra as a function of ex
citation energyv for trivalent rare-earth ions. The spectrum for le
minus right circularly polarized light is an angular-dependent co
bination ofI 1 ~solid line! andI 3 ~dotted line!; see the text. The left
and right panels show theL3 andL2 edges, respectively. Spectra fo
the L2 edge have been scaled by a factor 2. Furthermore, som
the spectra are scaled relatively to the spectra of Fig. 1. The sc
also applies to the right panel.
nt
-

rra

ch
te

Ī 0
z~ j 1!1 Ī 0

z~ j 2!5
^w0

z0z&

^nh&
~30!

we obtain the sum rule that relates the total integrated in
sity to the spin-independent operators.15 ( Ī indicates that the
spectra are normalized to the integrated intensity of the
tropic spectrum over both spin-orbit split edges.! For z51
we have the ‘‘Lz’’ sum rule. In general, it relates the inte
grated intensity ofI 0

z(v) to spin-independent operators th
give the 2z-polar moment in the electron distribution. Forz
50 it simply says that the integrated intensity over bo
edges is proportional to the number of holes. For higher v
ues ofz the ground state expectation values ofwz0z show an
oscillatory behavior along the rare-earth series; see Fig
This behavior is already well described by assuming a Hu
rule ground state.30

-

of
ng

FIG. 3. Isotropic dipolar XAS spectra (4f n→3d4 f n11, dotted
line! and fluorescence spectra for isotropic incoming and outgo
light (4 f n→3d4 f n11→4 f n, solid line! as a function of excitation
energyv for trivalent rare-earth ions. XAS and fluorescence ha
been normalized to the intensity integrated over both edges;
scaling between spectra for different ions is arbitrary. The left a
right panels show theM5 andM4 edges, respectively.
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A weighted substraction of both edges can be related
the spin-dependent operators

Ī 0
z~ j 1!2

c11

c
Ī 0

z~ j 2!5
1

^nh&
H z

@z#
^w0

z21,1,z&

1
z11

@z#
^w0

z11,1,z&J ; ~31!

For z50 this expression forms the basis of the theo
of branching ratios.28 It relates the integrated intensities
the spin-orbit split edges of the isotropic spectrum to
ground state expectation value of the spin-orbit opera
~note thatw21,1,0 is not defined as a physical operator!. For
z51 it gives the ‘‘Sz-Tz’’ sum rule.16

The assumption in deriving this equation is that a cert
spin-orbit split edge can be described by the core hole ha
the correspondingj value. This approximation is valid fo
late rare earths~and also late transition metals!. For early
rare earths deviations are found for the spin-dependent
rule; see Fig. 5. Although for these systems a smaller s
orbit coupling is found, this is not the dominant effect th

FIG. 4. Same as Fig. 3, but now for left minus right circular
polarized incoming light. Some of the spectra are scaled relativ
the spectra of Fig. 3. The scaling applies also to the right pane
to

e
r

n
g

m
n-
t

causes the stronger mixing of the two edges. More impor
are theLSJ values that are reached by the absorption. F
late rare earths the ground state has maximumLSJ values.
As a result of the dipole selection rules (DS50 and DL
50,61) also high LSJ values for XAS final states are
found. These states are predominantly found in thej 1 edge.
A qualitative argument for this goes as follows. WithinLS
coupling ~i.e., no spin-orbit coupling! the cl n11 states with
high LS values have relatively low energies~wherec indi-
cates a core hole!. After switching on the spin-orbit coupling
the LS states with low energy predominantly go into thej 1

edge and those with high energy into thej 2 edge. Hence, for
the states with highLSJ values there is only small mixing
between the two edges. The most extreme examples are
states with maximumLSJ values that occur only in thej 1

edge. The limited presence of highLSJ character in thej 2

edge directly explains why theL2 and M4 edges have little
intensity for late rare earths.

The situation is different for early rare earths. First, t
total J of the ground state is given byuL2Su. Second, for
early rare earths the maximum spin of the XAS final state
higher than that of the ground state (Sn

max5Sg
max11).28 Since

in XAS DS50 these states have little weight~as a result of
the mixing by the spin-orbit coupling they obtain a fini
intensity!. For early rare earths excitations therefore occu
intermediateLSJ values. This can also be seen in theM45
XAS spectra where for early rare earths significant intens
only occurs at 5–10 eV above the absorption edge~which

to

FIG. 5. The upper panel shows the ground state expecta
values ofwz0z for trivalent rare-earth ions forz51 ~solid line!, 2
~long-dashed!, 3 ~dashed!, and 4~dotted!. The lower panel shows
the ground state expectation value ofOz5(z/@z#)wz21,1,z

1$(z11)/@z#%wz11,1,z ~solid line!. The dashed and long-dashe
lines show nh$I 0

z( j 1)2@(c11)/c#I 0
z( j 2)% for the L23 and M45

edges, respectively. This quantity is equal toOz according to the
sum rules; see the text. The thin and thick lines correspond tz
5 0 and 1, respectively.
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consists of the ‘‘dipole-forbidden’’ maximum spin states!;
see Fig. 3. The stronger mixing between the edges is dire
apparent from strong intensity at both edges. This mixing
as a result that for early rare earths deviations for the s
dependent sum rule are found, although forz51 the trends
are well predicted.

B. Resonant inelastic x-ray scattering

For x-ray inelastic scattering sum rules one has to in
grate over the incoming and outgoing photon energies.
us first consider the integration over the transferred ene
Dv5v2v8, which leads to a term describing the decay

an intermediate state,I z8
z8(n8n)5( f I z8

z8(n8 f f n). Note the
presence of cross terms as a result of interference betw
intermediate states leading to the same final state. For
decay one has to distinguish two situations.

First, the core hole is filled by an electron from a sh
lower core level, leading to a Raman process described
l n→cl n11→c8l n11. If both the intermediate and final state
are split by the spin-orbit coupling the spectrum has fo
clearly separated manifolds. For a given manifold we fin30

I z8
z8~nn8; j j 8!

5B j j 8
z8 ~c,Q,c8! (

m,m8
~21! j 2m8S j z8 j

2m8 z8 mD
3^n8ucjm8cjm

† un&njz8
21 , ~32!

with the coefficient given by

B j j 8
z8 ~c,Q,c8!5~21! j 1 j 81c1c8Pcc8

2
@ j j 8#H j j 8 Q8

c8 c s J 2

3H Q8 Q8 j 8

j j z8
J njz8nQ8z8

21 . ~33!

The decay of an intermediate state (n5n8) is therefore de-
termined by an expectation value of the polarization of
core hole for that state. For, e.g.,z851 this expectation
value is^ j z&.

Let us consider a specific example. A typical reson
Raman process9,10 is given by l 5 4f , c 5 2p, and
c8 5 3d. For simplicity we take the incoming light to b
isotropic. If the system is magnetic the absorption proc
still creates a polarized core hole as a result of the polar
tion of the valence shell. If the polarization is not detect
the outgoing light has an isotropic and linear dichroic p
@see Eq.~23!#

1

2
$I ~v,k̂8e1v8!1I ~v,k̂8e2v8!%

5
2p

\
Nv8NvB1

2B2
2i H I 0

000~v,v8!1
1

2
C0

2~ k̂!I 0
022~v,v8!J .

~34!

Figure 6 gives the two different spectra for Ho31 at three
different incoming photon energies. If we now take, for
certain absorption energy, the difference of two spectra
tly
s

n-

-
et
y

f

en
he

-
by

r

e

t

s
a-
d
t

at

different detection angles with respect to the magnetic a
we obtain a signal that is proportional toI 0

022(v,v8). In that
case the integration overv8 of a spectrum at a given absorp
tion energy is finite at theL3 edge, but zero at theL2 edge;
see Fig. 6. This is a direct result of the fact that thej 5 1

2

level has no quadrupolar moment~a finite intensity can still
occur as a result of the presence ofj 5 3

2 character in theL2
edge due to the mixing by the core-valence Coulomb in
actions!.

For a measurement with isotropic outgoing light the e
pectation value is proportional todn,n8 , i.e., the decay is
constant and all interference terms cancel. When a sum
tion over bothj 8 edges is made one obtains18,30

I 0
z850~nn8!5(

j 8
I 0

0~nn8; j j 8!5
Pcc8

2

@c#
dn,n8 . ~35!

Therefore, for isotropic outgoing light an integration over t
transferred energyv2v8 leads to a spectrum as a functio
of excitation energyv that is proportional to XAS.18,30

The second case is where the deexcitation involves
valence shell, i.e.,l n→cl n11→ l n. Figures 3 and 4 show the
spectra integrated over the energy of the outgoing phot
~fluorescence yield! for isotropic and circular dichroic in-
coming light, respectively; the outgoing light has been tak
to be isotropic. We observe significant differences with t
XAS spectra. Therefore, even for isotropic outgoing lig

FIG. 6. RIXS spectra (4f n→2p4 f n11→3d4 f n11) as a function
of transferred energyDv5v2v8. The zero of the energy scal
corresponds to the energy of the lowest final state of a certain e
Spectra are given at three excitation energies, from top to bottom
theL3 absorption edge, 2.5 eV above theL3 absorption edge, and a
theL2 absorption edge; see Fig. 1. Only theM5 edge is shown. The
incoming light is isotropic; the outgoing light is isotropi
@ I 0

000(v,v8), solid line# and linear dichroic@ I 0
022(v,v8), dashed

line#. The dotted line gives the intensity ofI 0
022(v,v8) integrated

along theDv axis.
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the decay cannot be decoupled from the excitation. In c
trast to Eq.~32!, where the operators working on the clos
shell could be removed, one obtains here that the deca
proportional to an intermediate-state expectation value o
two-particle operator. For isotropic outgoing light one ha19

I 0
z850~nn8!5

Pcl
2

@c#H dn,n81
1

@ l #nl1c
2 (

l,l8,g,g8,s,s8
dl82g8,l2g

3c1~cg8,ll8!c1~cg,ll!

3^n8u l lscg8s8l l8s8
† cgs

† un&J , ~36!

where c1(cg,ll) are the Slater-Condon parameters.33 The
matrix elements are, except for an offset and the radial in
grals, equivalent to those of theGcl

1 Coulomb exchange
Note that the ‘‘Gcl

1 ’’ term also assumes negative values a

that the lowest possible value forI 0
z850 is zero. TheGcl

1

Coulomb term is also for a large part responsible for
position of the eigenstates in a spin-orbit manifold. This
rectly explains the trend in the fluorescence spectra, tha
states closer to the absorption threshold in a certain e
have in general a smaller decay compared to those at
high-energy side of an edge.

Let us now consider the sum rules for the intensities
tegrated along the transferred and excitation energy.
deep-lying core levels with a large lifetime broadening, su
as the 2p shell, one can use the fast-collisio
approximation.17,18 This implies replacing the intermediate
state energy denominator byĒn5v1Eg2Ēn1 i (G/2),
whereĒn is an average energy. For the situation where
emission involves two core levels one can then derive18,30

I 0
zz8r~ j , j 8!5E

j
dvE

j 8
dv8I 0

zz8r~v,v8!

5B j j 8
z8 ~c,Q,c8!(

x,y
C j

xyrzz8~c,Q,l !^w0
xyr&,

~37!

where the coefficientsB and C are given in Ref. 30. For
isotropic outgoing light we have C j

xyzz0

5(Pcl
2 /@cl#)M y( j )Nxyz, which means that the same coef

cients are found as for XAS. In this limit the fast-collisio
approximation is not necessary since all interference eff
cancel.

When the deexcitation involves the valence states the s
ation is more complex. Sum rules would involve two-partic
valence shell expectation values that are difficult to evalu
Recently, an investigation has been made into the applica
ity of XAS, sum rules for spectra obtained with fluorescen
yield,19 which is applicable when the Auger lifetimes are n
too strongly term dependent. Although fluorescence yield
in principle not equal to XAS the conditions for integrate
intensities are less stringent. Here one does not require
every final state has a constant decay but that the total d
of the excited intermediate states does not have a strong
larization dependence.
n-
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The state after excitation withq-polarized light can be
written asuvq&5(nan(q)un&; this state can be normalized t
unity by using the coefficientsān(q)5an(q)/A^vquvq&. The
integrated intensity of the fluorescence spectrum excited w
q-polarized light can then be written as19

I q
fluor5^vquvq&^V

G&q5I q
XAS^VG&q , ~38!

i.e., the integrated intensity is given by the XAS intens
multiplied by a term that describes the radiative decay. If
polarization of the outgoing light is not measured this lat
term is given by

^VG&q5 (
z8 even

Tz8C0
z8~ k̂8!(

n,n8

p

G

ānān8

S En2En8
G D 2

11

I 0
z8~nn8!.

~39!

This clearly shows that the total decay forq-polarized light
^VG&q is a weighted average of the decays of the interme

ate statesI 0
z8(nn8). Proportionality of the integrated intensit

of the circular dichroic fluorescence spectra, i.
((qqIq

fluor)/((qI q
fluor), with ^w101&5^Lz&/ l is obtained if

^VG&q is not strongly dependent on the polarization. Nume
cal evaluation of̂ VG&q shows that this situation is found fo
early rare earths, but that there is a strong polarization
pendence for late rare earths.19 This can be understood a
follows. As was shown above, the decay of the intermed
states is proportional to a ‘‘Gcl

1 ’’-like term. Maximum varia-
tions in decay can be expected for ‘‘pure’’LS-like interme-
diate states. The effect of mixing by the spin-orbit coupli
is small for the highLSJstates that are reached in absorpti
in late rare earths, leading to a strong polarization dep
dence. The stronger mixing of the intermediateLSJ states
that are reached in early rare earths decreases variatio
^VG&q . It is remarkable that the mechanism that causes
viations for the ‘‘Sz’’ XAS sum rule improves the agreemen
betweenLz values obtained by fluorescence yield and t
ground state expectation values.

It must be noted that a more efficient way to remo
variations in^VG&q is to create auvq& that has not a strong
LS-like character. This is found for many transition-met
systems where a strong crystal field quenches the orbital
ment.

V. CONCLUSION

In conclusion, a comparison has been made between X
and resonant inelastic x-ray scattering. Several aspects
serve further experimental investigation. The isotropicL23
spectra should be reexamined since, as was shown by L
fen et al.,11 more detailed information can be obtained
partial deconvolution of the lifetime broadening. This shou
enable a direct comparison of the relative size of the dipo
and quadrupolar contributions. Also a careful determinat
of the intensities of the two spin-orbit split edges would
interesting. It is generally assumed that for isotropic lig
I L3

0 /I L2

0 5 2:1. However, a strong polarization of the 5d elec-

trons in the ground state would give deviations from t
statistical branching ratio.

The experimental developments in x-ray inelastic scat
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ing are more recent. It is now rather well established that
resonance the excitation and decay cannot be decoupled
a delocalized system this implies that one has to take
account the crystal momentum of the core hole~although
core-valence interactions in the intermediate state m
change its value!. For a localized system one has to consid
the angular momentum. Within an independent elect
model the angular momentum is conserved. However, in
actions with the valence shell change the values ofj andm
and in general for an intermediate-state eigenstate one h
consider expectation values of, e.g.,j z of the core hole. This
quantity could be obtained, e.g., by measuring the differe
between left and right circular polarization of the outgoi
light. Unfortunately, these experiments are rather comp
A determination of the quadrupolar moment of the core h
polarization seems more promising since it involves a m
surement at two different detection angles. The presenc
core-hole polarization has been demonstrated in reso
n

.
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photoemission34 ( l n→cl n11→c82l n11Ek , whereEk denotes
a photoelectron!, which is formally very similar to the scat-
tering processl n→cl n11→c8l n11. Recent resonant Raman
experiments on Co show the presence of higher moment
the core hole distribution.35

The x-ray scattering processl n→cl n11→ l n enables one
to study valence band excitations. Although for electric mu
tipole transitionsDS50, these excitations also include spi
flips since the spin is not a good quantum number in t
intermediate state as a result of the large core-hole spin-o
coupling. Recently, octet-sextet transitions have been o
served in Gd31 ~ground state8S7/2).

36

A relatively simple way to study resonant inelastic x-ra
scattering is fluorescence yield since it does not involve t
detection of the energy of the outgoing photon. The spec
for fluorescence yield already show significant deviatio
from the XAS cross section.
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